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Introduction

R OBUSTNESS to modeling uncertainties is a vital character-
istic required of any controller; a practical design technique

must take into account this inadequacyof the mathematicalmodels.
Thus, robust systems must satisfy the design requirements not only
for the nominal design model but for the physical system as well.
The � rst step into designing robust systems is to build the general-
ized plant from the knowledge of the given plant and the weighting
transfer functions that represent design objectives. The state-space
realization of the generalized plant also depends on the intercon-
nection topology. The H1 design procedure is then applied to the
generalized plant to design a robust controller.

The method of H1 design generically assumes a one-degree-of-
freedom con� guration.Such a con� guration inherently accepts two
possible structures:1) placingthe controllerin the forwardpath cas-
cade to the given plant or 2) placing it in the feedback path. H1
robust controllers can then be computed using the standard Glover–
Doyle1 algorithm. In this Note, we compare the generalized plants
obtained in these cases and show that the feedback con� guration
offers certain advantages that can be exploited in the design of ro-
bust controllers.The McFarlane–Glover loop shaping technique2 is
known to have many theoretical and computational bene� ts.3;4 We
present a feedback con� guration interpretation of this method and,
hence, show that the feedback con� guration and the loop shaping
technique have a few similar features. We then establish this simi-
larity by designingH1 robust controllersfor a satellitewith � exible
appendages.

Different Methods to Build the Generalized Plant
A one-degree-of-freedom controller structure typically admits

the placement of the controller either in the forward path cascade
to the given plant (referred to as the cascade con� guration) or in
the feedback path (referred to as the feedback con� guration). Evi-
dently, each con� guration leads to a different generalized plant. In
this section,we present state-spacerealizationsof these generalized
plants. We also provide a feedback con� guration interpretation of
the McFarlane–Glover loop shaping technique and its state-space
realization.

The generalized plant G.s/ consists of the nominal model of the
given plant P.s/, the weighting transfer functions,and the intercon-
nection topology; let its state-space realization be as follows:

Px.t/ D Ax.t/ C B1w.t/ C B2u.t/ (1)

z.t/ D C1x.t/ C D11w.t/ C D12u.t/ (2)

y.t/ D C2x.t/ C D21w.t/ C D22u.t/ (3)

Tzw.s/ D
W1.s/[I C P.s/K .s/]¡1 ¡ W1.s/[I C P.s/K .s/]¡1

W2.s/P.s/K .s/[I C P.s/K .s/]¡1 W2.s/[I C P.s/K .s/]¡1
(6)
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Fig. 1 Controller in the cascade position.

We design the control law u.s/ D K .s/y.s/ such that kTzwk1 is
minimized where Tzw is the closed-loop transfer function matrix
from the exogenous input w to the controlledoutput z. We note that
w.t/ 2 IRm1 , u.t/ 2 IRm2 , z.t/ 2 IRp1 , and y.t/ 2 IRp2 . We assume1

that (A, B2) is stabilizable, (C2, A) is detectable, rank D12 D m2,
rank D21 D p2 , and

rank

³
A ¡ i! I B2

C1 D12

´
D n C m2; 8! 2 IR

rank

³
A ¡ i! I B1

C2 D21

´
D n C p2; 8! 2 IR

Let the given plant P.s/ D C p.s I ¡ A p/¡1 Bp C Dp and the weight-
ing transfer functions Wi .s/ D NCi .s I ¡ NAi /

¡1 NBi C NDi , i D 1, 2. We
denote the states of the plant and the weighting transfer functions,
respectively,by x p and Nxi ; the input and output of the plant, respec-
tively, by u p and yp . Let the number of inputs to the plant be n i and
the number of outputs from the plant be no .

The cascade con� guration, shown in Fig. 1, is common in the
literature.5 The correspondingstate-space model is as follows:

Px p
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PNx2

D
Ap 0 0

¡ NB1C p
NA1 0

NB2C p 0 NA2

xp

Nx1

Nx2

C
0 0 Bp
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0 NB2
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u

(4)

z1

z2

y

D

¡ ND1C p
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ND2C p 0 NC2

¡C p 0 0

x p

Nx1

Nx2

C

ND1 ¡ ND1 ¡ ND1 Dp

0 ND2
ND2 Dp

I ¡I ¡Dp

r

d

u

(5)

Here, the partitioningof the matrices is done appropriateto the def-
inition of the signals associatedwith the generalizedplant. We note
that W1.s/ and W2.s/ are, respectively, the weights on the sensi-
tivity fSo.s/ D [I C P.s/K .s/]¡1g and complementary sensitivity
fTo.s/ D P.s/K .s/[I C P.s/K .s/]¡1g transfer function matrices.
(The subscript o indicates that these functions are evaluated at the
output of the plant.) Moreover,



J. GUIDANCE, VOL. 22, NO. 2: ENGINEERING NOTES 367

Fig. 2 Controller in the feed-
back position.

The feedback con� guration is shown in Fig. 2, and the corre-
sponding state-space model is as follows:

Px p
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D
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0 NA1 0

0 0 NA2

xp

Nx1

Nx2

C
Bp 0 ¡Bp

NB1 0 ¡ NB1
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(7)
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(8)

Evidently, W1.s/ and W2.s/ are, respectively, the weights on the
sensitivity(Si .s/ D [I C K .s/P.s/]¡1) and the complementarysen-
sitivity (Ti .s/ D K .s/P.s/[I C K .s/P.s/]¡1 ) matrices. (The sub-
script i indicates that these matrices are computed at the input to the
given plant.) Moreover,

Tzw.s/ D
W1.s/[I C K .s/P.s/]¡1 ¡W1.s/[I C K .s/P.s/]¡1 K .s/

W2.s/K .s/P.s/[I C K .s/P.s/]¡1 W2.s/[I C K .s/P.s/]¡1 K .s/
(9)

The loop shaping procedure2 involves preshaping the singular
values of the given plant, by a precompensator W1 and/or a post-
compensator W2, before the computation of the controller based
on the normalized coprime factorization of G.s/. The closed-loop
transfer function matrix is given by

Tzw.s/ D
W ¡1

1 .s/K .s/

W2.s/
[I CP.s/K .s/]¡1

£ W ¡1
2 .s/ P.s/W1.s/ (10)

To compare the generalizedplant obtained in this case to the con� g-
urations given earlier, we note that Eq. (10) can be given a feedback
con� gurationinterpretation,as shown in Fig. 3. (We can easily show
that this closed-loop transfer function matrix cannot be given a cas-
cade con� guration interpretation.) The state-space model of this
system is as follows:
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(11)
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Fig. 3 Feedback con� guration interpretation of the loop shaping
method.

Here Nx1n and Nx2n , respectively, correspond to the states of W ¡1
1 and

W ¡1
2 .

Comparison of the Generalized Plants
In this section we compare the properties of the state-space real-

izations of the three generalized plants presented in the preceding
section. First, evidently, the generalized plant G.s/, in the case of
cascade con� guration, has a higher number of outputs than inputs
(3no > 2no C n i ) if the given plant P.s/ is tall, i.e., no > ni , which
is usually the case in practice. On the contrary, in the case of feed-
back con� guration, G.s/ has at least as many inputs (2ni C no ) as
outputs (2ni C no); i.e., the system is square or fat.3 This means that

the generalized plant model exhibits a full row rank at all points
on the imaginary axis and at in� nity. Experience6 has shown that,
for reasonablesets of weighting transfer functions,meaningfulcon-
trollers are easier to obtain using a fat generalized plant rather than
a tall one. It frequently turns out that, in the case of tall generalized
plants, the associated Riccati equations have no positive de� nite
solutions due to numerical ill conditioning. Thus, the response of
the closed-loop system is dif� cult to control effectively with the
trial-and-error selection of weighting transfer functions. Although
the loop shifting technique7 alleviates this problem to a certain ex-
tent, we observe, in the sequel, that such a procedurecan be avoided
entirely in the case of the fat generalized plant obtained via the
feedback con� guration by a simple choice of weighting transfer
functions.

Second, if P.s/ is strictly proper, i.e., Dp D 0, the assumed rank
condition required for the controllers to be proper fails in the case
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of cascadecon� guration (rank D12 D 0), and hence there is no guar-
antee on the realizability of the controllers.Consequently, to facili-
tate computation of the H1 controller, the zero Dp matrix must be
replaced by a compatible matrix of small numbers5 such that there
is very little change in the behavior of the plant over the frequency
range of interest. Clearly, such a problem does not exist in the case
of feedback con� guration.

Third, if W1.s/ is chosen to be strictly proper, i.e., ND1 D 0, then
the matrix D11 D 0 in the case of feedback con� guration.Under this
condition, we can expect the value of kTzwk1 , which is bounded
below by the singular values of submatrices of D11 , to be lower.
Further, the expressions of the Riccati equations are simpler, and
hence the numerical computation is less intensive. Moreover, by
examining the controller equations,1 we conclude that an added ad-
vantage in making D11 D 0 is that the central controller is strictly
proper. Such modi� cations cannot directly be made in the case of
cascade con� guration. We note that if the diagonal elements of
W1 and W2 are, respectively, chosen as k1=.¿1s C 1/.¿2s C 1/ and
k2.¿3s C 1/=.¿4s C 1/ then it has all of the advantages just stated,
while ensuring a good roll off of the open-loop transfer function in
the high-frequencyranges.

Fourth, from Eq. (9), it is evident that both multiplicativeand ad-
ditive uncertainties are considered in the objective function Tzw .s/;
i.e., there is a weight on both complementary sensitivity function
(W2Ti ) and a weight on the product of the controller and the sen-
sitivity function (W1Si K ). This is not the case with cascade con-
� guration. Further, we can easily see that W1.s/ and W2.s/ are,
respectively, the weights on the input sensitivity and complemen-
tary sensitivity transfer function matrices. This implies that the in-
put multiplicative uncertainty model is used. Whereas uncertainty
due to unmodeled dynamics is more appropriately described by
the input multiplicative uncertainty model, the uncertainty asso-
ciated with the sensors is described by the output multiplicative
uncertainty model.8 The latter model is implicitly used in the case
of cascade con� guration. Therefore, it is clear that the feedback
con� guration offers certain advantages over the cascade con� gura-
tion.

As expected, the state-space model corresponding to the loop
shaping procedure reveals many similarities to the properties of
the feedback con� guration. First, the resulting generalized plant is
square. Second, there is no problem if the plant is strictly proper.
Third, an observationof the � rst row ofEq. (10) reveals that both ad-
ditive and multiplicativeuncertaintiesare used in the model. Fourth,
the inputmultiplicativeuncertaintyrepresentationis used.However,
we observe the following differences:The order of the controller is
larger than that obtained by the application of the standard algo-
rithm to the feedback con� guration.This is because of the presence
of the inverseof the weightingtransfer functions.Further, the matrix
D11 cannot be made zero. However, we can show that the central
controller corresponding to this generalized plant is again strictly
proper under mild conditions. Thus, the loop shaping technique
and the feedback con� guration have similar features albeit the or-
der of the controller obtained by the former method is larger than
that of the latter.

Application to a Satellite with Flexible Appendages
In this section we design two robust H1 controllers for the roll

dynamics of a satellite with � exible appendages; one controller is
designed using the feedback con� guration and the other by directly
using the loop shaping technique. The example satellite is in the
class of Indian remote sensing (IRS) satellites. We assume an axi-
symmetric satellite with identical solar panels.

The objective of the design study is twofold: to stabilize the at-
titude with minimal interactions with the � exible modes of the ap-
pendagesand to reject small-magnitudelow-frequencydisturbances
that result in attitude perturbations and, hence, imprecise pointing.
The IRS class satellites has a typical orbital period of 101 min,
and the disturbancebandwidth is less than 0.003 rad/s. The primary
requirement is to tightly control the rigid-body rates. Such require-
ments are met by minimizing the in� uence of the � exible dynamics
on the satellite attitude motion.

For small motions of the satellite about its nominal operating
condition,theequationsfor theroll dynamicsof theexamplesatellite
are as follows:

Iyy
RÁ C 2by Rq D Ty; Rq C 2³Ä Pq C Ä2q C by

RÁ D 0 (13)

where Iyy D 1300 N-m/s2 is the moment of inertia of the satellite,
including the solar panels, about the roll axis. Only one appendage
mode (Ä D 4:078 rad/s) is signi� cantly coupled (by D 21:5) with
the roll dynamics of the rigid body. The structural damping ratio
³ is 0.002. We assume that both Á and PÁ are measured quantities.
Evidently,the magnitudeof the transfer functionat the � exiblemode
is rather low.

We now build the generalized plant using the feedback con� gu-
ration. The weights W1 and W2 are chosen to maximize the stability
and performance robustness, as well as the time-domain perfor-
mance. After several iterations, the following weights are chosen:
W1.s/ D 10=.1000s C 1/2 and W2.s/ D 0:01.s C 1/=.0:001s C 1/.
The order of the generalized plant, and hence that of the H1 con-
troller, is seven.We note that the controlleris stable.It hasoneoutput
u and two inputs Á and PÁ. These two inputs can be combined alge-
braically in the frequency domain resulting in a single input/single
output (SISO) system from Á.s/ to u.s/. The phase margin of this
function is 132 deg, which is an ample lead. An SISO open-loop
transfer function is obtained if the loop in Fig. 2 is broken at the
plant input. The gain and phase margins are, respectively,9.199 dB
and 35.01 deg, indicating that the closed-loop system exhibits rea-
sonable robustness properties.

The best that can be done for pre� ight evaluation of the closed-
loop system is to study its time-domain performance in response to
step and pulse inputs. In this Note, we consider only a step input of
0.1 deg at d.1/, the Á channel, for brevity. A detailed performance
study is given in Ref. 6. The response of the closed-loop system
to this input is given in Fig. 4. Evidently, the transients are brief,
and the settling time of the closed-loop system is approximately
250 s (4.1% of the orbit duration). We observe that the closed-loop

a) Roll angle

b) Modal coordinate

Fig. 4 Response of closed-loop system to a step Á input of 0.1 deg:
——, design using feedback con� guration, and – – –, design using loop
shaping technique.
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system is able to track step inputs at d.1/. [We note that with a
zero r input (Fig. 2), the output yp.s/ of the plant P.s/ is given
by ¡P.s/K .s/[I C P.s/K .s/]¡1d.s/; thus, in the steady state, the
component of yp.t/ corresponding to Á.t/ goes to ¡0:1 deg in re-
sponse to the positive step input of 0.1 deg at d.1/.] We note that the
effect of this input to the body rate is low, and the interactions be-
tween the rigid-bodydynamics and the � exible dynamics are rather
low; the rigid-bodydynamicscontinueto in� uence the � exiblebody
dynamics more than vice versa. This is evident from the response
plots of the � exible mode shown in Fig. 4: the overall shape of
these curves are similar to those of the rigid-body rate response
curves.

We now design a controller using the loop shaping technique.
After several iterations we choose the following weighting transfer
functions: W1.s/ D 1=.s C 1/ and W2.s/ D I . The order of the con-
troller is, therefore,six. We note that the responseof the closed-loop
system to a step input of 0.1 deg at the Á channel is similar to that
of the earlier design. We observe a little increase in the de� ection
of the � exible mode and its rate (not shown).

The effect of controller order reduction is evaluated next. In both
cases, the order can be reduced to three with very little change
in the robustness properties or the time-domain performance of
the closed-loop system with reduced-order controllers. Moreover,
a perturbation of 30% in the natural frequency and 15% in the
coupling coef� cients of the � exible modes is observed to have no
effect on the robustness of the closed-loop system and the time-
domain performance for the � rst design; a slight deterioration in
the response of the � exible mode is observed. For brevity, the re-
sponse plots are not included. Thus, the controllers obtained by
the feedback con� guration and the loop shaping technique have
many common characteristics and yield similar closed-loop re-
sponses.

Conclusions
We presented different ways to build the generalized plant. We

showed that the feedback con� guration has certain advantagesover
the cascade con� guration, which can usefully be employed while
computing the H1 robust controller by the Glover–Doyle algo-
rithm. By providing a feedback con� guration interpretation of the
McFarlane–Glover loop shaping technique,we conclude that it has
characteristicssimilar to that of the feedbackcon� guration.We then
establish this by showing that the robust controllersdesignedto con-
trol the roll dynamics of a satellite with � exible appendages gen-
erates closed-loop systems that have similar robustness properties
and time-domain performance.
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Ef� cient, Near-Optimal
Control Allocation

Wayne C. Durham¤

Virginia Polytechnic Institute and State University,
Blacksburg, Virginia 24061-0203

Introduction

W E addressthe problemof allocatingseveral redundantcontrol
effectors in the generation of speci� ed body-axis moments.

The effectors are constrained by position limits and are assumed to
be linear in their effectiveness.The optimal solution to this problem
in terms of generatingmaximum attainablemoments for admissible
controls was previouslyaddressed in Refs. 1–3. The computational
complexityof the algorithmdevelopedin Ref. 2 to obtain such solu-
tions is proportional to the square of the number of controls, which
could become problematic in real-time applications.Other methods
that generate solutions for maximum attainablemoments, e.g., null-
spaceintersections,4;5 are evenmore computationallycomplex.This
Note describes a computationally simple and ef� cient method to
obtain near-optimal solutions.The method is based on prior knowl-
edge of the controls’ effectivenessand limits and on precalculation
of several generalized inverses based on those data.

Nature of the Problem
For m controls u with effectiveness B in producing moments m,

the allocationproblemis an underdeterminedsystem of linear equa-
tions m D Bu with admissible controls u 2 Ä, Ä D fu j u i ¸ ui;min,
u i · ui;maxg, i D 1; : : : ; m. The admissible controls map to the at-
tainable moments 8 where 8 D fm j m D Bu; u 2 Äg. The attain-
able moments in 8 are bounded by a polyhedron whose boundary
consists of parallelograms (the facets), each associated with a pair
of controls. The maximum attainable desired moment md in some
arbitrary direction occurs at the intersection of a line in the same
direction as md with a facet on the convex hull. The determination
of the proper facet requires a search that terminateswhen the proper
facet is found: There is no assurance that this will not be the last
facet tested.

The reason for the requirement to search the facets is that there
is no simple way to relate a direction in moment space to the four
directionsthatde� ne theverticesof a particularfacet.As a result, the
facets must be individually tested. There are several ways in which
the search order may be prioritized that will reduce the average
search time, but none of these methods ensure that the worst case
(in which the correct facet is the last one examined) will not often
occur. In real-time applications,the frequentlyoccurringworst case
may drive the timing budgeted for control allocation.

Approximating U
The ideal facets of 8, if such existed, would be those for which

simple tests could be applied to md to determine the facet toward
which it points and for which a subsequent closed-form solution to
the allocation problem existed. Therefore, we seek to approximate
the polyhedron that is 8 with another polyhedronwhose facets sat-
isfy this ideal requirement. We begin by constructing such a poly-
hedron, then determine the closed-form solutions associated with
its facets.

Sectors of Moment Space
The simplest tests are relational among and between the three

components of md . Each componentmay be tested for sign, and the
relative magnitudes of the three components established. The sign
of each of the three components serves to determine the orthant (a
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